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Within the standard V − A theory of weak interactions, Quantum Electrodynamics (QED) and
the linear σ–model (LσM) of strong low–energy hadronic interactions we analyse gauge and infrared
properties of hadronic structure of the neutron and proton in the neutron β−–decay to leading order
in the large nucleon mass expansion. We show that the complete set of Feynman diagrams describing
radiative corrections of order O(α/pi), induced by hadronic structure of the nucleon, to the rate of
the neutron β−–decay is gauge non–invariant and unrenormalisable. We show that a gauge non–
invariant contribution does not depend on the electron energy in agreement with Sirlin’s analysis
of contributions of strong low–energy interactions (Phys. Rev. 164, 1767 (1967)). We show that
infrared divergent and dependent on the electron energy contributions from the neutron radiative
β−–decay and neutron β−–decay, caused by hadronic structure of the nucleon, are cancelled in the
neutron lifetime. Nevertheless, we find that divergent contributions of virtual photon exchanges
to the neutron lifetime, induced by hadronic structure of the nucleon, are unrenormalisable even
formally. Such an unrenormalizability can be explained by the fact that the effective V − A vertex
of hadron–lepton current–current interactions is not a vertex of the combined quantum field theory
including QED and LσM, which are renormalizable theories. We assert that for a consistent gauge
invariant and renormalizable analysis of contributions of hadronic structure of the nucleon to the
radiative corrections of any order to the neutron decays one has to use a gauge invariant and fully
renormalizable quantum field theory including the Standard Electroweak Model (SEM) and the
LσM, where the effective V − A vertex of hadron–lepton current–current interactions is caused by
the W−–electroweak–boson exchange.
PACS numbers: 11.10.Ef, 11.10.Gh, 12.15.-y, 12.39.Fe
I. INTRODUCTION
Recently [1, 2] we have analysed gauge and infrared properties of hadronic structure of the neutron and proton
in the neutron radiative β−–decay (inner bremsstrahlung) to order O(α/π), where α is the fine–structure constant
[3]. Such an analysis we have carried out in the standard V − A effective theory of weak interactions [4, 5] with
Quantum Electrodynamics (QED) and the linear σ–model (LσM) [6]–[15]. We have shown [1] that in the amplitude
of the neutron β−–decay, calculated to one–hadron–loop approximation in the infinite limit of the scalar σ–meson
mass mσ →∞, to leading order in the large nucleon mass expansion and after renormalization, the LσM reproduces
well–known Lorentz structure of the matrix element of the hadronic n → p transition (see also [16, 17]), where
strong low–energy interactions are described by the axial coupling constant, the weak magnetism [18, 19] and the
one–pion–pole exchange [20].
Our analysis of the amplitude of the neutron radiative β−–decay [1] has shown that to one–hadron loop approxi-
mation the amplitude of the neutron radiative β−–decay is renormalizable and gauge invariant only to leading order
in the large nucleon mass expansion. However, to next–to–leading order in the large nucleon mass expansion there
are some one–hadron–loop contributions, which violate both gauge invariance and renormalizability.
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2In turn, in [2] keeping only the leading order contributions in the large nucleon mass expansion to the amplitude of
the neutron radiative β−–decay we have found an infrared divergent contribution to the neutron lifetime, caused by
hadronic structure of the nucleon through the one–pion–pole exchange. We have found that the order of this infrared
divergence relative to Sirlin’s infrared divergent contribution [21, 22] is of about 10−5. This confirms validity and high
confidence level of the contribution of hadronic structure of the nucleon to the radiative corrections of the neutron
β−–decay, calculated by Sirlin [21, 23] to leading order in the large nucleon mass expansion. The infrared divergent
contribution of hadronic structure of the nucleon, observed in [2], arises the problem of its necessary cancellation by
the infrared divergent contribution of virtual photon exchanges to the rate of the neutron β−–decay. Following [1] we
may have doubts that such a cancellation can be observed in the standard V −A effective theory of weak interactions
with QED and the LσM. This is because the vertex of the effective V −A hadron–lepton current–current interaction
is not a vertex of the combined quantum field theory including QED and the LσM. According to [1], beforehand
we may assume that such a cancellation can be well observed in the combined quantum field theory including the
Standard Electroweak Model (SEM) [3] and a renormalizable theory of strong low–energy interactions (e.g. the LσM),
where the effective vertex of V −A hadron–lepton current–current interaction is caused by theW−–electroweak–boson
exchange. Nevertheless, this paper addresses to the analysis of gauge and infrared properties of hadronic structure
of the nucleon in the radiative corrections of order O(α/π) to the neutron lifetime in the standard V − A effective
theory of weak interactions with QED and the LσM. Such an analysis is required by the necessity to shed light on
possibility of further application of the standard V −A effective theory of weak interactions with QED and the LσM
to calculation of higher order radiative corrections to the neutron decays [24].
The paper is organized as follows. In section II we discuss the amplitude of the neutron β−–decay and the structure
of the hadronic n→ p transition, calculated in [1] to one–hadron-loop approximation in the standard V −A effective
theory of weak interactions and the LσM. In section III we outline the calculation of the radiative corrections to order
O(α/π) to the neutron lifetime by Sirlin [21] and calculate the contribution of hadronic structure of the nucleon to
the radiative corrections of order O(α/π) to the neutron lifetime to leading order in the large nucleon mass expansion
and to order 1/m2pi, where mpi is the π–meson mass. We show that the contributions of the Feynman diagrams,
induced by hadronic structure of the nucleon, can be decomposed into invariant and non–invariant parts under gauge
transformation of the photon propagator Dαβ(k) → Dαβ(k) + c(k2)kαkβ , where c(k2) is an arbitrary function of k2
[21]. We show that a gauge non–invariant part of the Feynman diagrams is ultra–violet and infrared divergent and
does not depend on the electron energy. Such an independence of the electron energy of a gauge non–invariant part of
the Feynman diagrams to order O(α/π), induced by hadronic structure of the nucleon, agrees well with Sirlin’s analysis
of the contributions of hadronic structure of the nucleon [21, 23]. We calculate the infrared divergent and dependent
on the electron energy contribution to the radiative corrections, induced by hadronic structure of the nucleon and
virtual photon exchanges. We show that together with the infrared divergent contribution of hadronic structure,
coming from the neutron radiative β−–decay, the obtained expression for the neutron β−–decay leads to infrared
independent contribution to the neutron lifetime. However, because of the absence of any parameter, which is able
to absorb the divergent contributions independent of the electron energy, the calculated radiative corrections to the
neutron lifetime, induced by hadronic structure of the nucleon and virtual photon exchanges, are not renormalizable
even formally and, correspondingly, are not observable. In section IV we discuss the obtained results and perspectives
of the calculation of renormalizable and observable radiative corrections to the neutron lifetime, caused by hadronic
structure of the nucleon, within a combined quantum field theory including the Standard Electroweak Model (SEM)
and the LσM.
II. AMPLITUDE OF NEUTRON β−–DECAY IN STANDARD V − A EFFECTIVE THEORY OF WEAK
INTERACTIONS AND LσM OF STRONG LOW–ENERGY INTERACTIONS [1]
The amplitude of the neutron β−–decay takes the form [1, 2]
M(n→ pe−ν¯e) = −GV 〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉
[
u¯e
(
~ke, σe
)
γµ
(
1− γ5)vν(~kν ,+1
2
)]
, (1)
where GV = GFVud/
√
2 is the vector weak coupling constant, and GF and Vud are the Fermi weak coupling constant
and the matrix element of the Cabibbo–Kobayashi–Maskawa (CKM) mixing matrix [3], respectively, and u¯eγ
µ
(
1 −
γ5
)
vν is the matrix element of the leptonic V −A current. Then, 〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉 is the matrix element of
the hadronic n→ p transition. Such a matrix element, calculated in the limit mσ →∞, to leading order in the large
nucleon mass expansion and after renormalization, has the following Lorentz structure [1]
〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉 = u¯p
(
~kp, σp
)(
γµ
(
1− gAγ5
)
+
κ
2mN
iσµνq
ν − 2 gAmN
m2pi − q2
qµγ
5
)
un
(
~kn, σn
)
, (2)
3FIG. 1: The Feynman diagrams, describing in the standard V − A effective theory of weak interactions the amplitude of the
neutron β−–decay, defined in the limit mσ →∞, to leading order in the large nucleon mass expansion and after renormalization
in the LσM.
where u¯p and un are the Dirac wave functions of the free proton and neutron. The contributions of strong low–energy
interactions in Eq.(2) are presented by the axial coupling constant gA, the isovector anomalous magnetic moment of
the nucleon κ and the one–pion–pole exchange. The contribution of the one–pion–pole exchange is natural in the
standard V − A effective theory of weak interactions with LσM, describing strong low–energy interactions. Such a
contribution is also required by local conservation of the axial–vector hadronic current in the limit mpi → 0 [4, 5]
lim
mpi→ 0
qµ〈p(~kp, σp)|J+µ (0)|n(~kn, σn)〉 = u¯p
(
~kp, σp
)(− 2mNgA + 2mNgA)γ5 un(~kn, σn) = 0, (3)
where the first term in brackets comes from the nucleon axial–vector current by taking into account the Dirac equations
for the free proton and neutron, whereas the second term is caused by the one–pion–pole exchange. The one–pion–pole
exchange contribution appears also in the current algebra approach [20] (see also [25]). The term with the Lorentz
structure iσµνq
ν/2mN , where mN is the nucleon mass, describes the contribution of the weak magnetism [18, 19] with
the isovector anomalous magnetic moment of the nucleon κ. The amplitude of the neutron β−–decay Eq.(1) with
the matrix element of the hadronic n → p transition, given by Eq.(2), can be formally represented by the Feynman
diagrams in Fig. 1. The first two terms in Eq.(2) are described by the Feynman diagram in Fig. 1a, whereas the third
term is given by the Feynman diagram in Fig. 1b.
III. RADIATIVE CORRECTIONS TO AMPLITUDE OF NEUTRON β−–DECAY, DEFINED BY
VIRTUAL PHOTON EXCHANGES BETWEEN CHARGED PARTICLES IN FIG. 1
Inserting virtual photon exchanges between charged particles in the Feynman diagrams in Fig. 1 we arrive at the set
of Feynman diagrams in Fig. 2. Formally such a set of Feynman diagrams can be obtained from the Feynman diagrams
in Fig. 5 in Ref.[1] with photon lines hooked by lines of charged particles. The Feynman diagrams in Fig. 2g - Fig. 2i
are caused by the axial–vector hadronic current −ie fpiπ(x)Aµ(x), induced in the phase of spontaneously broken chiral
SU(2)×SU(2) symmetry, where fpi, π−(x) and Aµ(x) are the leptonic pion–coupling constant and the field operators
of the π−–meson and electromagnetic field, respectively [1]. Following Sirlin [21] for the calculation of the Feynman
diagram in Fig. 2a, Fig. 2b and Fig. 2c we neglect the contribution of the weak magnetism. The contribution of the
Feynman diagrams in Fig. 2a - Fig. 2c has been calculated by Sirlin [21]. For details of this calculation we refer to
Appendices C - F of Ref.[26]. The contribution of the Feynman diagrams in Fig. 2a - Fig. 2c is equal to [26]
M(n→ pe−ν¯e)Fig.2a−Fig.2c = −2mN GV
(
1 +
α
2π
dV
){(
1 +
α
2π
fβ(Ee, µ)
)
[ϕ†pϕn][u¯e γ
0(1− γ5)vν¯ ]
+gA
(
1 +
α
2π
dA
)(
1 +
α
2π
fβ(Ee, µ)
)
[ϕ†p~σ ϕn] · [u¯e~γ (1− γ5)vν¯ ]−
α
2π
gF (Ee) [ϕ
†
pϕn][u¯e (1 − γ5)vν¯ ]
− α
2π
gA gF (Ee)[ϕ
†
p~σ ϕn] · [u¯eγ0~γ (1− γ5)vν¯ ]
}
, (4)
where ϕp and ϕn are the Pauli spinorial wave functions of the proton and neutron, respectively. The functions
fβ(Ee, µ) and gF (Ee) are equal to [26]
fβ(Ee, µ) =
3
2
ℓn
(mp
me
)
− 11
8
+ 2ℓn
( µ
me
)[ 1
2β
ℓn
(1 + β
1− β
)
− 1
]
− 1
β
Li2
( 2β
1 + β
)
− 1
4β
ℓn2
(1 + β
1− β
)
+
1
2β
ℓn
(1 + β
1− β
)
,
gF (Ee) =
√
1− β2
2β
ℓn
(1 + β
1− β
)
, (5)
where β is the electron velocity and Li2(z) is the Polylogarithmic function. The parameters dV and dA are ultra–
violet logarithmically divergent constants [26]. According to Sirlin [21], the contribution of these constants should
4FIG. 2: The Feynman diagrams, describing in the standard V − A effective theory of weak interactions the amplitude of the
neutron β−–decay, defined in the limit mσ →∞, to leading order in the large nucleon mass expansion and after renormalization
in the LσM and QED.
be absorbed by a formal renormalization of the Fermi coupling constant GF and the axial coupling constant gA,
respectively. However, as has been pointed out in [24] we would prefer to cancel the contribution of the constants dV
and dA by the contribution of hadronic structure of the neutron and proton, since such a cancellation is required by
gauge invariance of radiative corrections. The Feynman diagrams in Fig. 2a - Fig. 2c define the following contribution
to the rate of the neutron β−–decay
λβ(E0, µ)Fig.2a−Fig.2c = (1 + 3g
2
A)
|GV |2
π3
∫ E0
me
dEe
√
E2e −m2e Ee F (Ee, Z = 1) (E0 − Ee)2
(
1 +
α
π
g¯β(Ee, µ)
)
, (6)
where the function gβ(Ee, µ) is
g¯β(Ee, µ) = 2ℓn
( µ
me
)[ 1
2β
ℓn
(1 + β
1− β
)
− 1
]
+
3
2
ℓn
(mp
me
)
− 11
8
− 1
β
Li2
( 2β
1 + β
)
− 1
4β
ℓn2
(1 + β
1− β
)
+
β
2
ℓn
(1 + β
1− β
)
.
(7)
This result was obtained by Sirlin as a contribution of virtual photon exchanges [21] (for details see [26]). Now
we may proceed to the calculation of the contributions of the Feynman diagrams in Fig. 2d - Fig. 2m. Since after
renormalization the contributions of the Feynman diagrams in Fig. 2j - Fig. 2m to amplitude of the neutron β−–decay
vanish [24], we analyse the Feynman diagrams in Fig. 2d - Fig. 2i only. The analytical expressions of these diagrams
5are equal to
M(n→ pe−ν¯e)Fig.2d = −GV
{
− 2gAmNe2
[
u¯p
(
~kp, σp
) ∫ d4k
(2π)4i
γα
1
mN − kˆp − kˆ − i0
γ5 un
(
~kn, σn
)]
× (q + k)
µ
m2pi − (q + k)2 − i0
[
u¯e
(
~ke, σe
)
γβ
1
me − kˆe + kˆ − i0
γµ(1− γ5) vν
(
~kν ,+
1
2
)]
Dαβ(k),
M(n→ pe−ν¯e)Fig.2e = −GV
2gAmN e
2qµ
m2pi − q2 − i0
[
u¯p
(
~kp, σp
) ∫ d4k
(2π)4i
γα
1
mN − kˆp − kˆ − i0
γ5 un
(
~kn, σn
)]
× (2q + k)
β
m2pi − (q + k)2 − i0
Dαβ(k)
[
u¯e
(
~ke, σe
)
γµ(1− γ5) vν
(
~kν ,+
1
2
)]
,
M(n→ pe−ν¯e)Fig.2f = −GV
−2gAmN e2
m2pi − q2 − i0
[
u¯p
(
~kp, σp
)
γ5 un
(
~kn, σn
)]
×
[
u¯e
(
~ke, σe
) ∫ d4k
(2π)4i
γα
1
me − kˆe + kˆ − i0
γµ(1− γ5) vν
(
~kν ,+
1
2
)] (2q + k)β(q + k)µ
m2pi − (q + k)2 − i0
Dαβ(k),
M(n→ pe−ν¯e)Fig.2g = −2mN GV
{
2gAmNe
2
[
u¯p
(
~kp, σp
) ∫ d4k
(2π)4i
γα
1
mN − kˆp − kˆ − i0
γ5 un
(
~kn, σn
)]
× 1
m2pi − (q + k)2 − i0
Dαµ(k)
[
u¯e
(
~ke, σe
)
γµ(1 − γ5) vν
(
~kν ,+
1
2
)]}
,
M(n→ pe−ν¯e)Fig.2h = −GV
2gAmN e
2
m2pi − q2 − i0
[
u¯p
(
~kp, σp
)
γ5 un
(
~kn, σn
)]
×
[
u¯e
(
~ke, σe
)
γµ(1− γ5) vν
(
~kν ,+
1
2
)] ∫ d4k
(2π)4i
(2q + k)β
m2pi − (q + k)2 − i0
Dµβ(k),
M(n→ pe−ν¯e)Fig.2i = −GV
−2gAmN e2
m2pi − q2 − i0
[
u¯p
(
~kp, σp
)
γ5 un
(
~kn, σn
)]
×
[
u¯e
(
~ke, σe
) ∫ d4k
(2π)4i
γα
1
me − kˆe + kˆ − i0
γµ(1− γ5)Dαµ(k) vν
(
~kν ,+
1
2
)]
, (8)
where Dαβ(k) is the photon propagator [26]
Dαβ(k) =
1
k2 + i0
(
ηαβ − ξ kαkβ
k2
)
. (9)
Here ηαβ is the Minkowski metric tensor and ξ is a gauge parameter. According to Sirlin [21], observable radiative
corrections to the neutron lifetime should be invariant under a gauge transformation Dαβ(k)→ Dαβ(k) + c(k2) kαkβ ,
where c(k2) is an arbitrary function of k2. Following [26] and [24] we decompose the contributions of the Feynman
diagrams in Fig. 2e - Fig. 2i into invariant and non–invariant parts with respect to a gauge transformation Dαβ(k)→
Dαβ(k) + c(k
2) kαkβ . We get
M(n→ pe−ν¯e)(gauge inv.)Fig.2e−Fig.2i = −GV
×
{
− 2gAmNe2
[
u¯p
(
~kp, σp
) ∫ d4k
(2π)4i
γα
1
mN − kˆp − kˆ − i0
γ5 un
(
~kn, σn
)]
× (q + k)
µ
m2pi − (q + k)2 − i0
[
u¯e
(
~ke, σe
)
γβ
1
me − kˆe + kˆ − i0
γµ(1 − γ5) vν
(
~kν ,+
1
2
)]
Dαβ(k)
+
2gAmN e
2qµ
m2pi − q2 − i0
[
u¯p
(
~kp, σp
) ∫ d4k
(2π)4i
γα
1
mN − kˆp − kˆ − i0
γ5 un
(
~kn, σn
)]
× (2q + k)
β
m2pi − (q + k)2 − i0
Dαβ(k)
[
u¯e
(
~ke, σe
)
γµ(1− γ5) vν
(
~kν ,+
1
2
)]
− 2gAmN e
2
m2pi − q2 − i0
[
u¯p
(
~kp, σp
)
γ5 un
(
~kn, σn
)]
×
[
u¯e
(
~ke, σe
) ∫ d4k
(2π)4i
γα
1
me − kˆe + kˆ − i0
γµ(1 − γ5) vν
(
~kν ,+
1
2
)] (2q + k)β(q + k)µ
m2pi − (q + k)2 − i0
Dαβ(k)
6+2gAmNe
2
[
u¯p
(
~kp, σp
) ∫ d4k
(2π)4i
γα
1
mN − kˆp − kˆ − i0
γ5 un
(
~kn, σn
)]
× 1
m2pi − (q + k)2 − i0
Dαµ(k)
[
u¯e
(
~ke, σe
)
γµ(1− γ5) vν
(
~kν ,+
1
2
)]
+
2gAmN e
2
m2pi − q2 − i0
[
u¯p
(
~kp, σp
)
γ5 un
(
~kn, σn
)]
×
[
u¯e
(
~ke, σe
)
γµ(1− γ5) vν
(
~kν ,+
1
2
)] ∫ d4k
(2π)4i
(2q + k)β
m2pi − (q + k)2 − i0
Dµβ(k)
− 2gAmN e
2
m2pi − q2 − i0
[
u¯p
(
~kp, σp
)
γ5 un
(
~kn, σn
)]
×
[
u¯e
(
~ke, σe
) ∫ d4k
(2π)4i
γα
1
me − kˆe + kˆ − i0
γµ(1 − γ5)Dαµ(k) vν
(
~kν ,+
1
2
)]}
+2gAmNe
2 qµ
[
u¯p
(
~kp, σp
)
γ5 un
(
~kn, σn
)][
u¯e
(
~ke, σe
)
γµ(1− γ5) vν
(
~kν ,+
1
2
)]
×
(∫ d4k
(2π)4i
1
m2pi − (q + k)2 − i0
1
k2 + i0
ηαβDαβ(k)− 2
m2pi − q2 − i0
∫
d4k
(2π)4i
1
k2 + i0
ηαβDαβ(k)
)}
(10)
and
M(n→ pe−ν¯e)(gauge non−inv.)Fig.2e−Fig.2i = −GV
×
{
− 2gAmNe2 qµ
[
u¯p
(
~kp, σp
)
γ5 un
(
~kn, σn
)][
u¯e
(
~ke, σe
)
γµ(1− γ5) vν
(
~kν ,+
1
2
)]
×
(∫ d4k
(2π)4i
1
m2pi − (q + k)2 − i0
1
k2 + i0
ηαβDαβ(k)− 2
m2pi − q2 − i0
∫
d4k
(2π)4i
1
k2 + i0
ηαβDαβ(k)
)}
, (11)
where M(n → pe−ν¯e)(gauge inv.)Fig.2d−Fig.2f and M(n → pe−ν¯e)
(gauge non−inv.)
Fig.2d−Fig.2f are the amplitudes invariant and non–invariant
with respect to a gauge transformation Dαβ(k)→ Dαβ(k) + c(k2) kαkβ , respectively. Neglecting the contributions of
the terms of order O(q2/m2pi) as we have done for the calculation of the infrared divergent contribution of hadronic
structure of the nucleon in the neutron radiative β−–decay [2], we get
M(n→ pe−ν¯e)(gauge non−inv.)Fig.2d−Fig.2f = −GV
2gAmNme
m2pi
α
π
{
(4− ξ)
(
ℓn
Λ
mN
+ ℓn
mN
µ
− 1
4
)}
×
[
u¯p
(
~kp, σp
)
γ5 un
(
~kn, σn
)][
u¯e
(
~ke, σe
)
γµ(1− γ5) vν
(
~kν ,+
1
2
)]
(12)
where Λ is an ultra–violet cut–off. Thus, to leading order in the large nucleon mass expansion and to leading order in
the 1/m2pi expansion [2] the contribution of a gauge non–invariant part of the Feynman diagrams in Fig. 2d - Fig. 2m
does not depend on the electron energy in complete agreement with Sirlin’s analysis of the contribution of hadronic
structure of the nucleon to the radiative corrections of the neutron lifetime [21, 23].
The calculation of the gauge invariant amplitude Eq.(12) we carry out in the Feynman gauge at ξ = 0 [21] (see also
[24, 26]). The infrared divergent contribution, dependent on the electron energy, comes from the Feynman diagram
in Fig. 2d. Using the results, obtained in [26], for the amplitude of the neutron β−–decay, defined by the Feynman
diagrams in Fig. 2d - Fig. 2i, we obtain the following expression
M(n→ pe−ν¯e)Fig.2e−Fig.2i = −GV
{
− 2gAmNme
m2pi
α
π
(
f¯β(Ee, µ) + C
(div.)(Λ, µ) + C(Ee)
)}
. (13)
Here f¯β(Ee, µ) is the infrared divergent function of the electron energy equal to
f¯β(Ee) = −2 ℓn µ
me
[ 1
2β
ℓn
(1 + β
1− β
)
− 1
]
+
1
4β
ℓn2
(1 + β
1− β
)
+
1
β
Li2
( 2β
1 + β
)
. (14)
Then, C(div.)(Λ, µ) is the ultra–violet and infrared divergent expression
C(div.)(Λ, µ) = 5 ℓn
( Λ
mN
)
+ 6 ℓn
(me
µ
)
+ 11 ℓn
(mN
mpi
)
+ 6 ℓn
(mpi
me
)
− (4− ξ)
(
ℓn
( Λ
mN
)
+ ℓn
(mN
µ
)
− 1
4
)
(15)
7and C(Ee) is a function, dependent on masses of interacting particles and containing contributions independent of
and dependent on the electron energy. Since it is rather complicated but not important function from the practical
point of view we do not adduce it. The contribution of the amplitude Eq.(13) to the rate of the neutron β−–decay is
equal to
λ
(h.s.)
β (E0, µ) =
α
π
(1 + 3g2A)
|GV |2
π3
∫ E0
me
dEe
√
E2e −m2e Ee F (Ee, Z = 1) (E0 − Ee)2
2g2A
1 + 3g2A
m2e
m2pi
×
{
1 +
α
π
(
− 2 ℓn µ
me
[ 1
2β
ℓn
(1 + β
1− β
)
− 1
]
+
1
4β
ℓn2
(1 + β
1− β
)
+
1
β
Li2
( 2β
1 + β
)
+ C(div.)(Λ, µ) + C(Ee)
)}
. (16)
Summing up this contribution with that from the neutron radiative β−–decay [2]
λ
(h.s.)
βγ (E0, µ) =
α
π
(1 + 3g2A)
|GV |2
π3
∫ E0
me
dEe
√
E2e −m2e Ee F (Ee, Z = 1) (E0 − Ee)2
2g2A
1 + 3g2A
m2e
m2pi
×
{
− 2ℓn
(2(E0 − Ee)
µ
)[ 1
2β
ℓn
(1 + β
1− β
)
− 1
]
− 1− 1
2β
ℓn
(1 + β
1− β
)
+
1
4β
ℓn2
(1 + β
1− β
)
+
1
β
Li2
( 2β
1 + β
)}
, (17)
whereE0 = (m
2
n−m2p+m2e)/2mn = 1.2927MeV is the end–point energy of the electron–energy spectrum of the neutron
β−–decay [26], we arrive at the contribution of the hadronic structure of the nucleon to the radiative corrections of
the neutron lifetime
λ(h.s.)n (E0) =
α
π
(1 + 3g2A)
|GV |2
π3
∫ E0
me
dEe
√
E2e −m2e Ee F (Ee, Z = 1) (E0 − Ee)2
× 2g
2
A
1 + 3g2A
m2e
m2pi
(
1 +
α
π
(
C(div.)(Λ, µ)− dV − dA
)) (
1 +
α
π
g¯(h.s.)n (Ee)
)
, (18)
where g¯
(h.s.)
n (Ee) takes the form
g¯(h.s.)n (Ee) = −2ℓn
(2(E0 − Ee)
me
)[ 1
2β
ℓn
(1 + β
1− β
)
− 1
]
− 1− 1
2β
ℓn
(1 + β
1− β
)
+
1
2β
ℓn2
(1 + β
1− β
)
+
2
β
Li2
( 2β
1 + β
)
+C(Ee). (19)
Thus, we have shown that the infrared divergent contributions, induced by hadronic structure of the nucleon and
by virtual photon exchanges in the neutron β−–decay, are cancelled and defined by the function g¯
(h.s.)
n (Ee). The
parameters dV and dA appear after a formal renormalization of the Fermi weak coupling constant and the axial
coupling constant
GF
(
1 +
α
2π
dV
)
→ GF , gA
(
1 +
α
2π
dA
)
→ gA. (20)
Since there is no a parameter, which can absorb such a divergent contribution 1+ (α/π)
(
C(div.)(Λ, µ)− dV − dA
)
, so
the calculated radiative correction to the neutron lifetime, induced by hadronic structure of the nucleon and defined
by the function g¯
(h.s.)
n (Ee), is not renormalizable and, correspondingly, is not observable. Following [1] one may also
assert that such a divergent contribution C(div.)(Λ, µ) as well as the contributions of the parameters dV and dA can
be hardly cancelled by contributions of other Feynman diagrams, describing interactions of hadronic structure of the
nucleon to virtual photons, which can be obtained from the Feynman diagrams in Fig. 7 and Fig. 8 in Ref. [1] hooking
photon lines by lines of virtual and real charged particles.
IV. CONCLUSIVE DISCUSSIONS
The aim of this paper has been already formulated in [2]. As has been pointed out in [2], the infrared divergent
contribution, dependent on the electron energy and caused by hadronic structure of the nucleon, to the rate of the
neutron radiative β−–decay should be cancelled by the corresponding infrared divergent term, caused by virtual
photons coupled to hadronic structure of the nucleon, in the rate of the neutron β−–decay. Following [1, 2] we have
performed corresponding calculation within the standard V − A effective theory of weak interactions, QED and the
LσM, describing strong low–energy interactions. To the number of Feynman diagrams, which were calculated by Sirlin
8[21] with contributions of strong low–energy interactions given by the axial coupling constant gA, we have added the
Feynman diagrams, caused by hadronic structure of the nucleon in the form of the one–pion–pole exchanges and all
possible virtual photon exchanges (see Fig. 2). These diagrams are defined by the mesonic part of the axial–vector
hadronic current [1] and appear naturally in the standard V −A effective theory of weak interactions with QED and
the LσM. Indeed, the Feynman diagrams in Fig. 2 can be obtained from the Feynman diagrams in Fig. 5 of Ref.[1] with
photon lines hooked by lines of charged particles. However, unlike the Feynman diagrams in Fig. 5c - Fig. 5f of Ref.[1],
the contribution of which is invariant under a gauge transformation of the photon wave function ε∗λ(k)→ ε∗λ(k) + c k,
where c is a constant and ε∗λ(k) and k are the polarization vector and 4–momentum of a real photon obeying the
constraints k · ε∗λ(k) = 0 and k2 = 0, the contribution of the Feynman diagrams in Fig. 2d - Fig. 2f is not invariant
under a gauge transformation of the photon propagator Dαβ(k)→ Dαβ(k) + c(k2) kαkβ , where c(k2) is an arbitrary
function of k2 and k is a 4–momentum of a virtual photon k2 6= 0.
We have found that a gauge non–invariant part of the Feynman diagrams in Fig. 2d - Fig. 2f, describing the
contribution of hadronic structure of the nucleon to the radiative corrections, is ultra–violet and infrared divergent
but does not depend on the electron energy. This agrees well with Sirlin’s analysis of hadronic structure of the
nucleon [21, 23]. We have got the required infrared divergent contribution to the rate of the neutron β−–decay, which
cancels infrared divergence to the neutron lifetime from the infrared divergent contribution of hadronic structure of
the nucleon to the rate of the neutron radiative β−–decay obtained in [2]. At this level we may confess that our
doubts, concerning impossibility of such a cancellation within the standard V −A effective theory of weak interactions
with QED and the LσM, have not come true.
Nevertheless, the ultra–violet and infrared divergent contributions independent of the electron energy 1 +
(α/π)
(
C(div.)(Λ, µ)−dV −dA
)
, accompanying the calculation of the required infrared divergent expression dependent
on the electron energy, cannot be removed by even a formal renormalization because of the absence of any parameter
similar to the Fermi weak coupling constant or the axial coupling constant, which could absorb such a divergent term.
This testifies unrenormalizability and, correspondingly, unobservability of the obtained radiative corrections of order
O(α/π) to the neutron lifetime, induced by hadronic structure of the nucleon. In spit of the fact that the relative
contribution of these corrections, described by the function g¯
(h.s.)
n (Ee) (see Eq.(19)), to the neutron lifetime is of order
(α/π) 10−5 ∼ 10−9, the problem of unrenormalizability of contributions of hadron–photon virtual interactions within
the standard V −A effective theory of weak interactions with QED and LσM makes such a theory inapplicable to the
calculation higher oder radiative corrections such as O(α2/π2) and also corrections of order O(αEe/mN) [1, 2]. The
contributions of other Feynman diagrams with virtual photon exchanges, which can be obtained from the Feynman
diagrams in Fig. 7 and Fig. 8 of Ref.[1] with photon lines hooked by lines of charged virtual and real particles, can
hardly solve the problem of renormalizability of the radiative corrections of order O(α/π) to neutron lifetime, caused
by hadronic structure of the nucleon. As has been pointed out in [1] the problem of unrenormalizability and as well as
of non–invariance under gauge transformations is related to the use of the effective V −A theory of weak interaction,
where the V − A vertex of hadron–lepton current–current interactions is not the vertex of the combined quantum
field theory including QED and the LσM.
Thus, as has been argued in [1, 2] a consistent gauge invariant and renormalizable analysis of radiative corrections,
induced by hadronic structure of the nucleon, can be performed only in a fully gauge invariant and renormalizable
quantum field theory including the Standard Electroweak Model (SEM) and a renormalizable theory of strong low–
energy interactions, e.g. the LσM. According to [24], the use of such a combined quantum field theory should be of
great importance for a consistent analysis of Standard Model corrections of order 10−5 [24], which should provide
a robust theoretical background for searches of contributions of interactions beyond the Standard Model, caused by
first and second class hadronic currents of hadron–lepton current–current interactions [27] (see also [28, 29]).
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